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pðjÞðxÞqðjÞðxÞdljðxÞ;are called Sobolev Type Orthogonal Polynomials, where p and q are real polynomials. In
particular, the present contribution is focused on the study of asymptotic properties of
the sequence SanðxÞ
 
n2N, of Laguerre–Sobolev type monic polynomials, orthogonal
with respect to the Sobolev-type inner producthp; qiS ¼
Z 1
0
pðxÞqðxÞexxadxþMpðmÞðfÞqðmÞðfÞ; ð1ÞwhereMP 0, a> 1 and f< 0. The asymptotic behavior is an important topic in the
theory of orthogonal polynomials because it plays a key role in several applications in
physics and engineering, (electrostatic, rational approximation, among others). We
present an approach to the subject when l1 is the classical Laguerre measure (un-
bounded support), l2 is a Dirac mass, and l3 =   = lk = 0. The case f= 0 has been
studied extensively in [2,7], where are shown some asymptotic and analytic properties
of the corresponding orthogonal polynomials, as well as interlacing properties of their
zeros and a limit relation between these and the zeros of Bessel function Ja(x). The
monotonicity of each individual zero in terms of the mass M can be seen in [13]. On
the other hand, if the mass point f is located outside the support of the measure, that
is, if f< 0, an analytic approach has been done in [14], where is presented a second
order differential equation for these polynomials and a 2m+ 3 term recurrence rela-
tion that they satisfy. In [3] some properties concerning the location and monotonicity
of the zeros and their asymptotics are established when either M converges to zero or
to inﬁnity. The particular cases when m= 0 and m= 1, has been treated, respectively,
in [5,6], where it is interesting to note that the same results concerning outer relative
asymptotics are obtained, as well as the same Mehler–Heine type formula, that is,
the asymptotic behavior of these polynomials is independent of m. Motivated by the
above results, the structure of the paper is as follows. In Section 2 we present the basic
background concerning the classical Laguerre polynomials. In Section 3 we study the
outer relative asymptotic of the sequence SanðxÞ
 
n2N, in Section 4 we deduce the
respective Mehler–Heine type formula and in Section 5 we give a Plancherel–Rotach




n2N be the sequence of classical Laguerre monic polynomials, orthogonal
with respect to the inner producthp; qi ¼
Z 1
0
pðxÞqðxÞdl;where dl= exxadx, with a> 1, and for every n 2 N. It is well known that these
polynomials satisfy a three term recurrence relation, as well as their representation
as 1F1 hypergeometric function, their characterization as eigenfunction of a second
order linear differential equation, and the behavior of their zeros, their electrostatic
On asymptotic properties of Laguerre–Sobolev type orthogonal polynomials 175interpretation and interlacing properties, (see [1,4,10–12,16,17]). We will summarize
the other properties of the classical Laguerre polynomials we will use in the sequel.
Proposition 1. The sequence bLanðxÞn o
n2N
denotes the classical Laguerre polynomials
with leading coefﬁcients ð1Þ
n
n! , i.e. for every nð1Þn
n!
LanðxÞ ¼ bLanðxÞ: ð2Þ
For every n 2 Nð1Þ bLan ðkÞðxÞ ¼ ð1Þk bLaþknkðxÞ; ð3Þ
ð2Þ bLaþvnþkðxÞ ¼ bLaþvnþkþ1ðxÞ  bLaþv1nþkþ1ðxÞ; ð4Þ
































p Þ; ð6Þuniformly on compact subset of C, (see [17, thm. 8.1.3]). Ja(x) represents Bessel’s




j!Cðjþ aþ 1Þ ;and is known that if a> 1, Ja(x) has a countably inﬁnite set of real and positive zeros,
all simple except for the possible zero at the origin, (see [18,19]).
(5) (Plancherel–Rotach) Let uðxÞ ¼ xþ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃx2 þ 1p be the conformal mapping of
C ½1; 1 onto the exterior of the unit circle. Thenlim
n!1
bLan1ðnxÞbLanðnxÞ ¼  1uððx 2Þ=2Þ ; ð7Þ







adenotes the n-th Kernel polynomial, then for every n 2 N, (see [4])






; ð8Þcalled Christoffel–Darboux formula. As a consequence of (8), is well known the next
conﬂuent formula, (see [7])K
ð0;mÞ






LanðxÞT½n1;am ðx; yÞ  Lan1ðxÞT½n;am ðx; yÞ
 






ðx yÞk ð10Þdenotes the Taylor Polynomial of degree m, of the polynomial Lai ðxÞ around x= y, andKði;jÞn ðx; yÞ 
@iþjKnðx; yÞ
@xi@yj











 ðjÞðfÞ Lanþ1 ð2mþ1jÞðfÞ Lan ð2mþ1jÞðfÞ Lanþ1 ðjÞðfÞh i:
ð11Þ3. RELATIVE OUTER ASYMPTOTICS
In this section we will ﬁnd the relative asymptotic behavior of the Laguerre–Sobolev-
type orthogonal polynomials in the exterior of the positive real semiaxis. Let
SanðxÞ
 
n2N be the sequence of orthogonal polynomials with respect to (1). By using
of the classical Laguerre polynomials LanðxÞ
 
n2N as a basis, for every n 2 N; SanðxÞ











;thenSanðxÞ ¼ LanðxÞ M San
 ðmÞðfÞKð0;mÞn1 ðx; fÞ: ð12ÞRemark 1. From (12), if mP n then SanðxÞ ¼ LanðxÞ.
On asymptotic properties of Laguerre–Sobolev type orthogonal polynomials 177In order to compute San
 ðmÞðfÞ, we take the m  th derivative in (12) and evaluate it
at x= fSan
 ðmÞðfÞ ¼ Lan ðmÞðfÞ
1þMKðm;mÞn1 ðf; fÞ
;and replacing this value in (12), we haveSanðxÞ ¼ LanðxÞ M
Lan
 ðmÞðfÞKð0;mÞn1 ðx; fÞ
1þMKðm;mÞn1 ðf; fÞ
  : ð13ÞNow we are going to analyze how the quotient
SanðxÞ
LanðxÞ behaves when nﬁ1, and x< 0.





 ðmÞðyÞðx yÞm ¼ m!k! ðx yÞkm
bLan ðkÞðyÞbLan ðmÞðyÞ ;

























; ðkÞand given that km < 0; bLan ðyÞbLan ðmÞðyÞ ! 0 when nﬁ1, as a consequence ðmÞ
T½n;am ðx; yÞ 
Lan ðyÞ
m!




 ðmÞðfÞ Kð0;mÞn1 ðx;fÞ
LanðxÞ
1þMKðm;mÞn1 ðf; fÞ
  ð15ÞIn order to estimate the behavior of the above expression, by using the formula (9) and

















































































375 bLan ðjÞðfÞ bLan1 ð2mþ1jÞðfÞ;
where bmj ¼ 2mþ 1j
 













375 bLan ðjÞðfÞ bLan1 ð2mþ1jÞðfÞ















































































Mn!ðn 1Þ! bLan ðmÞðfÞ bLan1 ðmÞðfÞ ! 0;
On asymptotic properties of Laguerre–Sobolev type orthogonal polynomials 179when nﬁ1 is faster than Oðn3=2Þ, therefore we can remove it from the computations.
Now we are going to estimate the rate of convergence of the ratios in the above result,




















































On the other hand, if 0 6 j 6 m, denoting b= 2m+ 1  j and applying (5) we obtainbLan1 ðjÞðfÞbLan ðjÞðfÞ ¼ 1
ﬃﬃﬃﬃﬃjfjpﬃﬃﬃ
n










þ Oðn3=2Þ;and bLan ð2mþ1jÞðfÞbLan1 ð2mþ1jÞðfÞ ¼ 1þ
ﬃﬃﬃﬃﬃjfjpﬃﬃﬃ
n










þ Oðn3=2Þ:Then we conclude that1
bLan1 ðjÞðfÞbLan ðjÞðfÞ
bLan ð2mþ1jÞðfÞbLan1 ð2mþ1jÞðfÞ¼ 1 1
ﬃﬃﬃﬃﬃjfjpﬃﬃﬃ
n


































































































bLan1 ð2mþ1jÞðfÞbLan1 ðmÞðfÞ ¼ ð1Þ
































































; ð20Þwhere K(m,a, j) is a term that does not depend on n. Then from (18)–(20) we getM
Lan
 ðmÞðfÞKð0;mÞn1 ðx; fÞ=LanðxÞ
1þMKðm;mÞn1 ðf; fÞ
















 " #In the next proposition, we are going to compute the sum of the above result.

















ð2mþ 1 2jÞ ¼ 2mþ 1
mþ 1
 
ðmþ 1Þ  ð22Þ




 ðmÞðfÞ Kð0;mÞn1 ðx;fÞ
LanðxÞ
1þMKðm;mÞn1 ðf; fÞ
   1 2
ﬃﬃﬃﬃﬃjfjp ﬃﬃﬃﬃﬃjfjp  ﬃﬃﬃﬃﬃﬃﬃxp 
ðx fÞ ¼
ﬃﬃﬃﬃﬃﬃﬃxp  ﬃﬃﬃﬃﬃjfjpﬃﬃﬃﬃﬃﬃﬃxp þ ﬃﬃﬃﬃﬃjfjp ;





ﬃﬃﬃﬃﬃﬃﬃxp  ﬃﬃﬃﬃﬃjfjpﬃﬃﬃﬃﬃﬃﬃxp þ ﬃﬃﬃﬃﬃjfjp ; ð23Þuniformly on compact subsets of C n Rþ.
Note that the above result has been obtained in [5] , (m= 0), and in [6], (m= 1). It




uniformly on compact subsets of the exterior of the positive axis to /ðxÞ ¼
ﬃﬃﬃﬃxp  ﬃﬃﬃjfjpﬃﬃﬃﬃxp þ ﬃﬃﬃjfjp .
Thus thanks to the well known Hurwitz’s theorem, [17, Thm. 1.91.3], given that fis
a simple zero of /(x), then f is an accumulation point of roots of /n(x), that is, given
that the zeros of every SanðxÞ are the same as those of every /n(x), then f attracts exactly
one zero of SanðxÞ for n large enough. As a consequence, for n large enough, SanðxÞ has a
negative zero, but this fact is well known of [15].
4. MEHLER–HEINE TYPE FORMULA
In this section we will focus our attention on Mehler–Heine type formula for the
polynomials SanðxÞ
 
n2N. Taking into account the connection formulaSanðxÞ ¼ LanðxÞ M
Lan
 ðmÞðfÞKð0;mÞn1 ðx; fÞ
1þMKðm;mÞn1 ðf; fÞ
  ;multiplying both hand sides by ð1Þ
n
n!








  :Making the change of variable xﬁ x/n, and taking into account the results of the
previous section, it is convenient to introduce the factor Lan1
 ðmÞðfÞ in the next way
bSan xn  ¼ bLan xn M
Lan




  : ð24Þ
182 L.A.M. MolanoIn order to estimate the behavior of the numerator in (24) and by using (9), we getLan











 ðmÞðfÞ ¼m! L
a
n








bLan xn T½n1;am xn ;f þ bLan1 xnð Þn T n;a½ m xn ;f 	 






 ðn1Þ!ð1Þn ð1Þm bLaþmnð1þmÞðfÞ xn  f m ð25Þand1
n
T½n;am ðxn ; fÞ
 ðn1Þ!ð1Þn ð1Þm bLaþmnð1þmÞðfÞ xn  f m : ð26Þ















ð1Þm bLaþmnð1þmÞðfÞ xn  f m :
Then, if 0 6 k 6 m  1, we getð1Þkm
k!
bLaþknð1þkÞðfÞ xn  f kbLaþmnð1þmÞðfÞ xn  f m ¼
ð1Þkm
k!
bLaþknð1þkÞðfÞbLaþmnð1þmÞðfÞ xn  f
 km






























< 0 and limn!1 xn  f




bLaþknð1þkÞðfÞ xn  f kbLaþmnð1þmÞðfÞ xn  f m ¼ 0:
When k= m we obtainð1Þkm
k!









 ðn1Þ!ð1Þn ð1Þm bLaþmnð1þmÞðfÞ xn  f m 
1
m!









ð1Þm bLaþmnð1þmÞðfÞ xn  f m
then if 0 6 k 6 m  1, using (5) we getð1Þkm
k!




























:Given that k  m< 0 and taking into account that limn!1 xn  f
 km ¼ jfjkm, we havelimn!1
ð1Þkm
k!
bLaþknkðfÞ xn  f kbLaþmnð1þmÞðfÞ xn  f m ¼ 0:
In the case where k= m, we obtain1
m!















































 bLan xnð Þ
na
, if the expression (24) is di-





















































  ¼ xa=2Jað2 ﬃﬃﬃxp Þ:We summarize the last result in the next







p Þ; ð29Þuniformly on every compact subset of C.
Note that the same result is obtained in [5,6], for the particular cases m= 0 and
m= 1. On the other hand, given that 0 is a zero of wðxÞ ¼ xa=2Jað2
ﬃﬃﬃ
x
p Þ, then for
Hurwit’s theorem, for n large enough, it attracts at least one zero of the polynomial
SanðxÞ. Let fgn;kgnk¼1 be the zeros in the increasing order of this one, then if ja,i represents
the i  th positive zero of the Bessel function Ja(x), again by Hurwitz’s theorem, the
number j2a;i=4 attracts to ng

n;i, for n large enough, where g

n;i represents the i  th posi-
tive zero of the polynomial SanðxÞ.
5. PLANCHEREL–ROTACH TYPE FORMULA
Our next purpose is to determine the Plancherel–Rotach type formula of the Laguerre–
Sobolev-type for the scaled polynomials SanðnxÞ
 









 ðmÞðfÞ LanðxÞT½n1;am ðx; fÞ  Lan1ðxÞT½n;am ðx; fÞ 
1þMKðm;mÞn1 ðf; fÞ
  ;multiplying both sides by ð1Þ
n!







 ðmÞðfÞ bLanðxÞT½n1;am ðx; fÞ þ bLan1ðxÞ T½n;am ðx;fÞnh i
1þMKðm;mÞn1 ðf; fÞ
  ;and scaling the variable xﬁ nx, divide by bLanðnxÞ, and introducing the factor
Lan1
 ðmÞðfÞ, we havebSanðnxÞbLanðnxÞ ¼ 1 Mm!Lan1 2aðnx fÞmþ1

Lan
 ðmÞðfÞ Lan1ð ÞðmÞðfÞ
La
n1ð ÞðmÞðfÞ





  : ð30ÞWe will analyze the behavior of the termsT½n1;am ðnx; fÞ
Lan1
 ðmÞðfÞ ; ð31Þ
On asymptotic properties of Laguerre–Sobolev type orthogonal polynomials 185andT½n;am ðnx; fÞ
n Lan1
 ðmÞðfÞ :As before, beginning with (31), when k 6 m  1ð1Þkm
k!
bLaþknð1þkÞðfÞðnx fÞkbLaþmnð1þmÞðfÞðnx fÞm ¼ ð1Þ
km
k!
bLaþknð1þkÞðfÞbLaþmnð1þmÞðfÞ nkm x fn
 km









and then as a
consequenceT½n1;am ðnx; fÞ
Lan1




bLaþknkðfÞ xn  f kbLaþmnð1þmÞðfÞ xn  f m ¼ 0;
and if k= m1
m!








;and thusT n;a½ m ðnx; fÞ
n Lan1





ð33ÞThen, by using (32), (33) and (7) we havebSanðnxÞbLanðnxÞ  1








































! 0;when nﬁ1. We summarize the main result of this section in the next
186 L.A.M. MolanoTheorem 5.limn!1
bSanðnxÞbLanðnxÞ ¼ 1: ð34Þuniformly on compact subsets of C n ½0; 4
Note that the value of m does not modify the result obtained in [6], in the case
m= 1. The same result is given for m= 0 in [9].
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